Graphs

A graphy s om ahstract dova strwcture that s wsed to implement the mathematical concept of graphs
1o as hasscally a collection of vertices falso called modes) and edges that connect these verticey

Why are Graphs Useful?

Graphs are widely used to model any situation where entities or things are related to each other in
parrs. For example, the following information can be represented by graphs

> Famly trees in which the member nodes have an edge from parent to each of their children
> Transportation networks in which nodes are airports, intersections, ports, ete The edges
can be arhine Mights, one-way roads, shipping routes, ete.
Defimition
A graph G s defined as an ordered set (V, 1), where V(G) represents the set of vertices and F(G)
represents the edges that connect these vertices,

Example:
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Figure Undirected Graph.
Figure shows a graph with V(G) = { A, B, C, D and E} and E(G) = {(A, B), (B, C), (A, D), (B, D),
(D, E),(C, E)}.

A graph can be directed or undirected.

Figure: Directed Graph

# In an undirected graph, edges do not have any direction associated with them. That is,
if an edge 1s drawn between nodes A and B, then the nodes can be traversed from A to B

as well as from B to A.
# In adirected graph, edges form an ordered pair. If there is an edge from A to B, then there

1s a path from A to B but not from B to A. The edge (A, B) is said to initiate from node A
(also known as initial node) and terminate at node B (terminal node).

Graph Terminology

Adjacent nodes For every edge, e = (u, v) that connects nodes u and v, the nodes u and v are the
end-points and are said to be the adjacent nodes.

Degree of a node Degree of a node u, deg(u), is the total number of edges containing the node u.
If deg(u) = 0, 1t means that u does not belong to any edge and such a node is known as an isolated

node.
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Regular graph It is a graph where each vertex has the same number of neighbours. That is, every
node has the same degree. A regular graph with vertices of degree k is called a k—regular graph or

a regular graph of degree k. :

O
© @ @
© @ @

(0-regular graph) | (1-regular graph) | (2-regular graph)

Path A path P written as P = {vo, vi, V2, ..., Va), of length n from a node u to v is defined as a
sequence of (n+1) nodes. Here, u = vo, v = va and vi1 is adjacent to vi for i=1,23,.,n

Closed path_A path P is known as a closed path if the edge has the same end-points. That is, if

Vo= Vn.

Simple path_A path P is known as a simple path if all the nodes in the path are distinct with an
exception that vo may be equal to va. If vo= va, then the path is called a closed simple path.

Cvcle A path in which the first and the last vertices are same. A simple cycle has no repeated
edges or vertices (except the first and last vertices).

Connected graph A graph is said to be connected if for any two vertices (u, v) in V there is a path
from u to v. That is to say that there are no isolated nodes in a connected graph. A connected graph
that does not have any cycle is called a tree. Therefore, a tree is treated as a special graph.

Complete graph A graph G is said to be complete if all its nodes are fully connected. That is,
there is a path from one node to every other node in the graph. A complete graph has n(n-1)/2
edges, where n is the number of nodes in G.

Labelled graph or weighted graph A graph is said to be labelled if every edge in the graph is
assigned some data. In a weighted graph, the edges of the graph are assigned some weight or
length. The weight of an edge denoted by w(e) is a positive value which indicates the cost of
traversing the edge.

Multiple edges Distinct edges which connect the same end-points are called multiple edges. That
is, e = (u, v) and €' = (u, v) are known as multiple edges of G.

Loop An edge that has identical end-points is called a loop. That is, e = (u, u).
Multi-graph A graph with multiple edges and/or loops is called a multi-graph.

Size of a graph The size of a graph is the total number of edges in it.
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(a) Multi-graph (b) Tree (c) Weighted graph

Directed Graphs

A directed graph G, also known as a digraph, is a graph in which every edge has a direction
assigned to it. An edge of a directed graph is given as an ordered pair (u, v) of nodes in G. For an
edge (u, v), the edge begins at u and terminates at v.

Terminolooy of a Directed Graph

Out-degree of a node: The out-degree of a node u, written as outdeg(u), is the number of edges
that originate at u.

In-degree of a node: The in-degree of a node u, written as indeg(u), is the number of edges that
terminate at u.

Degree of a node: The degree of a node, written as deg(u), is equal to the sum of in-degree and
out-degree of that node. Therefore, deg(u) = indeg(u) + outdeg(u).

Isolated vertex: A vertex with degree zero. Such a vertex is not an end-point of any edge.
Pendant vertex: (also known as leaf vertex) A vertex with degree one.

Cut vertex: A vertex which when deleted would disconnect the remaining graph.
Source: A node u is known as a source if it has a positive out-degree but a zero in-degree.
Sink: A node u is known as a sink if it has a positive in-degree but a zero out-degree.

Reachability: A node v is said to be reachable from node u, if and only if there exists a (directed)
path from node u to node v.

Strongly connected directed graph: A digraph is said to be strongly connected if and only if
there exists a path between every pair of nodes in G. That is, if there is a path from node u to v,
then there must be a path from node v to u.

Weakly connected digraph: A directed graph is said to be weakly connected if it is connected by
ignoring the direction of edges. That is, in such a graph, it is possible to reach any node from any
other node by traversing edges in any direction (may not be in the direction they point). The nodes
in a weakly connected directed graph must have either out-degree or in-degree of at least 1.

Parallel/Multiple edges: Distinct edges which connect the same end-points are called multiple
edges. That is, ¢ = (u, v) and ¢' = (u, v) are known as multiple edges of G.

BY: Abhimanu Yadav@DSA ( 3 ]



Representation of Graphs

There are two common ways of storing graphs in the computer’s memory. They are:

» Sequential representation by using an adjacency matrix.
» Linked representation by using an adjacency list that stores the neighbours of a node using

a linked list.

Adjacency Matrix Representation:

An adjacency matrix is used to represent which nodes are adjacent to one another. By definition,
nwo nodes are said to be adjacent if there is an edge connecting them.

In a directed graph G, if node v is adjacent to node u, then there is definitely an edge from utov.
For any graph G having n nodes, the adjacency matrix will have the dimension of n * n.

In an adjacency matrix, the rows and columns are labelled by graph vertices. An entry a; in the
adjacency matrix will contain 1, if vertices vi and v; are adjacent to each other. However, if the

nodes are not adjacent, a;; will be set to zero.

Since an adjacency matrix contains only Os and 1s, it is called a bit matrix or a Boolean matrix.

. Lo [if v; is adjacent to vy, that is
~there is an edge (v;, vy)IA

0 [otherwise]
For Example: Graph and their corresponding adjacency matrices

» ABCDE
(B)< A0 10107 (A

' ABCD
B00010 '6 A;‘01g1§

- Clo1000 | | ‘ BO111]
Q‘ C1001

(D) Di000O 1 .Q |
ELGO 100, D000

(a) Directed graph (b) Directed graph with loop
ABC ABCDE

B—B—© w10
’ Bi10 B0O0O070

Cio1 C05000

(D)} —(E) D11 D000O3]
EL00 E.00100:

(c) Undirected graph (d) Weighted graph
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From the above examples, we can draw the following conclusions:

> Forasimple graph (that has no loops), the adjacency matrix has Os on the diagonal.
' » The adjacency matrix of an undirected graph is symmetric. *
» The memory use of an ad Jacency matrix is O(n2 ), where n is the number of nodes in the

graph.
Number of Is (or non-zero entries) in an adjacency matrix is equal to the number of

edges in the graph.
The adjacency matnix for a weighted graph contains the weights of the edges connecting

the nodes.

Y

v

Now let us discuss the powers of an adjacency matrix:

From adjacency matrix A' , we can conclude that an entry 1 in the ith row and jth column means
that there exists a path of length 1 from v; to v; . Now consider, A2, A, and A*.

(a,)? = 2a, a,

Anyentry 3, =1ifa =a =1 Thatis, if there is an edge (v,, v,) and (v,, v,), then there is a path
from v, to v, of length 2. '
Similarly, every entry in the ith row and jth column of A3 gives the number of paths of length 3
from node vito v; .

In general terms, we can conclude that every entry in the ith row and jth column of A" (where n
1s the number of nodes in the graph) gives the number of paths of length n from node vi to v;.

Question. Consider a directed graph given in Figure. Given its adjacency matrix A, let us
calculate A2, A%, and A*.

Solution:

AZ=A'XA!
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Now, based on the above calculations, we define matrix B as:
BY = A + A2 + A + ... + A

The main goal to define matrix B is to obtain the path matrix P. The path matnx P can
be calculated from B by setting an entry Pjj = 1, if Bj; is non-zero and Pyj= 0, if otherwise. The path
matrix is used to show whether there exists a simple path from node v; to v; or not.

The path matrix entry is:
, 1 [if there is a path from v, to vy
\'""h ;
0 [otherwise]

Let us now calculate matrix B and matrix P:

B:
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01 10 00 1 2 2 2 01 1 3 4 2 6 6 5
00 1 1 I 1 0 1 12 '

UL O r a2 2l 3 s 6 g
0 0 01 1 1 0 0 o1 2 1 I 1 1 3 3 5
_IIOOJ‘IIZIJIZZJ 3 4 3 4 6 8 7 8

Now the path matnix P can be given as:

Adjacency List Representation:

An adjacency list is another way in which graphs can be represented in the computer’s memory.
This structure consists of a list of all nodes in G. Furthermore, every node is in turn linked to its
own list that contains the names of all other nodes that are adjacent to it.

The key advantages of using an adjacency list are:

« Itis easy to follow and clearly shows the adjacent nodes of a particular node.

e Adding new nodes in G is easy and straightforward when G is represented using an
adjacency list. Adding new nodes in an adjacency matrix is a difficult task, as the size of
the matrix needs to be changed and existing nodes may have to be reordered.

Consider the graph and see how its adjacency list is stored in the memory.

A>{B[J—>CIX]
—{C] 3—>{D[X]

(Undirected graph)
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Depth-First Search Algorithm

The depth-first search algorithm progresses by expanding the starting node of G and then going
deeper and deeper until the goal node is found, or until a node that has no children is encountered.

When a dead-end is reached, the algorithm backtracks, returning to the most recent node that has
not been completely explored. It follows the rule:

Rule 1 - Visit the adjacent unvisited vertex. Mark it as visited. Display it. Push it in a
stack.

Rule 2 - If no adjacent vertex is found, POp up a vertex from the stack. (It will pop up all
the vertices from the stack, which do not have adjacent vertices.)

Rule 3 — Repeat Rule | and Rule 2 until the stack is empty.

Algorithm for DFS

2.

6

Start from one of the graph node it may be start from left to right.

Visit the current node and push it to stack.

Check the top of the stack having adjacent nodes.

If yes then push the adjacent nodes into stack

If no then print the top of the stack and pop it from stack.

Repeat these steps until you will visit all node
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Example: Consider the graph G given in Figure. The adjacency list of G is al§o g’{{\'??s-elsgpl(’;)::
we want to print all the nodes that can be reached from the node H (including H 1 :

alternative is to use a depth-first scarch of G starting at node H.

Adjacency lists

ABC D

Solution:

(a) Push # onto the stack.

 STACK:H

(b) Pop and print the top element of the svack, that is, H. Push all the neighbours of # onto the
stack that are in the ready state. The stack now becomes

PRINT: H © STACKEl

(¢) Pop and print the top clement of the stacx, that is, 1. Push all the neighbours of 1 onto the
stack that are in the ready state. The stack now becomes

PRINT: |  STACK:E,F

(d) Pop and print the top element of the stacx, that is, £. Push all the neighbours of ¢ onto the
stack that are in the ready state. (Note £ has two neighbours, ¢ and #, But only ¢ will be added,
as H1s not in the ready state,) The sTACK now becomes

PRINT. F - STACK:E, €

) 1 » p i .
(e) 10;3 'and print the top element of the stack, that is, ¢. Push all the neighbours of ¢ onto the
stack that are in the ready state. The stack now becomes

PRINT: C STACK:E,B.G
() Pop and print the top element of the sTacx, that is, 6. Push all the neighbours of & onto the

stack that are in the ready sfate. S
y state. Since there are no neighbours of i
& ohanstind [« ik A hbours of 6 that 2 s ready state
no push operation is performed. The STACK now becomes 8 IR ready state,
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PRINT: G ‘ STACK: L, B

(¢) Pop and print the top element of the stack, that is, 8. Push all the neighbours of 8 onto the
stack that are in the ready State. Since there are no neighbours of 8 that are in the ready state,
no push operation is performed. The stack now becomes

PRINT: B STACK: E

(h) Pop and print the top element of the STACK, that is, . Push all the neighbours of € onto the
stack that are in the ready state. Since there are no neighbours of e that are in the ready state,
no push operation is performed. The sTACk now becomes empty.

PRINT: E D STACK:

Since the STACK is now empty, the depth-first search of 6 starting at node H is complete and the
nodes which were printed are:

H,IF,C,G,B,E

These are the nodes which are reachable from the node H.

Shortest Path Algorithms:

We will discuss three different algorithms to calculate the shortest path between the vertices ofa
graph G. These algorithms include:

» Minimum Spanning Tree
~ Dijkstra’s Algorithm
» Warshall’s Algorithm

While the first two use an adjacency list to find the shortest path, Warshall’s algorithm uses an
adjacency matrix to do the same.

1. Minimum Spanning Trees:

A spanning tree of a connected, undirected graph G is a sub-graph of G which is a tree that connects
all the vertices together. A graph G can have many different spanning trees. We can assign weights

to each edge and use it to assign a weight to a spanning tree by calculating the sum of the weights
of the edges in that spanning tree.

A minimum spanning tree (MST) is defined as a spanning tree with weight less than or equal to
the weight of every other spanning tree.

In other words, @ minimum spanning tree is a spanning tree that has weights associated with its
edges, and the total weight of the tree (the sum of the weights of its edges) is at a mininum.

Example: Consider an unweighted graph G given below. From G, we can draw many distinct
spanning trees.
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Example 13.8 Construct a minimum spanning tree of the given graph in. Start the Prim’s
algorithm from vertex D.

R ated (8
- ‘4"5
9 "1.1",@

s
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EF 0@
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Kruskal’s Algorithm:

Kruskal's algorithm is used to find the minimum spanning tree for a connected weighted graph I
the graph is not connected, then it finds 2 minimum spanning forest. Note that a forest is a
collection of trees. Similarly, @ minimum spanning forest is a collection of minimum spanning
trees.

The algorithm is:

1. Sort all the edges from low weight to high weight.

2. Take the edge with the lowest weight and use it to connect the vertices of graph.

3. Ifadding an edge creates a cycle, then reject that edge and go for the next least weight
edge.

4. Keep adding edges until all the vertices are connected and a Minimum Spanning Tree
(MST) is obtained.

Example: Kruskal's algorithm

1 2

Start with a weighted graph " Choose the edge with least weight,

a if there are more than 1,
/ \\ choose any one.
3/ 3 ‘
L7 .4 \
4 ™~ $ &
P S —/ §
y g \\\ ',
2 /3 2
pe 2~ 4 -
i <)
3 4

Choose the next shortest edge Choose the next shortest edge
and add it that doesn't create a cycle and add it

L

\_&\‘
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6

5
Choose the next shortest edge Repeat until you have 2 spanning
that doesn’t create a cycle and add it tree

b o
3/ /
// g 4 3/
7/
/ /
./’\ ﬁ ty /.
A 4 /
Ve 2 2 /3 2 2 // 3
~g

Dijkstra’s Algorithm:
Dijkstra’s algorithm, given by a Dutch scientist Edsger Dijkstra’s in 1959, 1s used to find the

shortest path tree. This algorithm is widely used in network routing protocols. Dijkstra’s algorithm
is also used for finding the costs of the shortest paths from a source node to a destination node.

Example of Dijkstra's algorithm
It is easier to start with an example and then think about the algorithm.

2
Choaose a starting vertex and assign

1
Start with a weighted graph
@ infinity path values to all other vertices
3 2 o
& 3
E]
£ 6 o o 4 N
. - o ; S
X Il ’ 4 .‘:'
% 2 1 3 z 4
. @ S 1 -
. L]




3

Goto each vertex adjacent to this
vertex and update its path length

S

Avoid updating
g path lengths of
already visited vertices

2+3

7

Notice how the rightmost vertex
has its path tength updated twice

3 2
04 r/ \\\
. @ ° ®
1 3
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4

If the path length of adjacent vertex is
lesser than new path length, don't
update it.

6

After each iteration, we pick the
unvisited vertex with least
path length. So we chose S before 7

3/ N2

0;\\4 f;; .. 523<10

L e £ .
B Y 4
o 2 T~ 73

~

s
8.

Repeat until all the vertices have
been visited
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Follow the steps below to find the shortest path between all the pairs of vertices.

1. Creatca mafrix Al of dimension n*n where n is the number of vertices. The row and the
column are indexed as i and j respectively. i and j are the vertices of the graph

Each ccll‘ A[i]‘['i‘ ] is filled with the distance from the i™ vertex to the j™ vertex. If there is
no path from ™ vertex to " vertex, the cell is left as infinity.

12 3 4

10 3 @ 5

212 0 o 4
A =

3l 1 o

4l o 0.

2. Now, create a matrix A' using matrix A°. The elements in the first column and the first
row are left as they are. The remaining cells are filled in the following way.

Letk bs the intermediate vertex in the shortest path from source to destination. In this
step, k is the first vertex. A[i][j] is filled with (A[i)(k] + A[K]()) if (A[1]0] > Ali]k] +
ALKIDD-

That is, if the direct distance from the source to the destination is greater than the path
through the vertex k, then the cell is filled with A[i](k] + A[K](].

Wi T 38 ‘?m_ £ 2 3 4
110 3 ® 5 10 3 © 5
. 220 220094
Al 7w 0 s 1 0 8
ftioo 0” 4w 0 2 0.

or A'[2, 4], the direct distance from vertex 2 to 4 is 4 and the sum of the distance

For example: F ‘ . ‘
from vertex 2 to 4 through vertex (ie. from vertex 7 to | and from vertex 1 10 4)is7.Since 4 <

7, A'[2, 4] is filled with 4.

3. Inasimilar way, A? is created using A”. The clements in the second column and the

second row are left as they are.
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In this step, k is the second vertex. The remaining steps are the same as in step 2.
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4 Similarly, &* and &% is also created.
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Z. A gives the shortest path between each pair of vertices.
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Floyd-Warshall Algorithm

n = a0 of w..%w#.mw i)
& = metrix of dimension n*n
fork =11t n
for i =1 Wwa
*onw.u_woa i
A, ) = e g,

return &

Applications of Graph:

» In circuit networks where points of connection are drawn as vertices and component wires
become the edges of the graph. )
» In transport networks where stations are drawn as vertices and routes become the edges of
the graph. .
% Inmaps that draw cities/states/regions as vertices and adjacency relations as edges.
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